In this paper, a new method for robust PSS design based on the power system pole placement is presented. In this stabilizer, a feedback gain matrix is used as a controller. The controller design is proposed by formulating the problem of robust stability in a Linear Matrix Inequality (LMI) form. Then, the feedback gain matrix is designed based on the desired region of the closed loop system poles. This stabilizer shifts the poles of the power system in different operational points into the desired regions in s -plane, such that the response of the power system will have proper damping ratio in all the operational points. The uncertainties of the power system parameters are also considered in this robust technique. Finally, in order to show the advantages of the proposed method in comparison with conventional PSS, some simulation results are provided for a power system case study in different operational points.
INTRODUCTION
The dynamic stability is one of the most important problems in the power system which can be studied by using nonlinear model of the power system. The nonlinear model of the system includes a series of nonlinear complicated equations. These nonlinear equations can be linearized around each operating point, such that small signal model of the power system can be determined. The Hefferon-Philips model is one of these power system linear models [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . The studies on linear system show that the system response has not enough damping ratio and it might be unstable in some operating points [1] [2] [3] [4] [5] [6] [7] [8] . In order to increase the damping of the power system response, classical controllers can be used which are usually designed for an operating point. If a phase lead transfer function is used in control mechanism, a conventional PSS is achieved [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . Since the PSS is designed for one operational point, it has good performance only in the designed operating condition and it should be redesigned to achieve good performance in the other operational points. Therefore, the desired PSS should stabilize the power system in all operational points; ie, it should be robust against the changes in the operational conditions. Adaptive control [3] and robust control strategies [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] are two main methods for solving this problem in power system which have been led to adaptive PSS and robust PSS designs respectively. Since in adaptive PSS, an identification mechanism is required to adapt the PSS parameters, the complexity of online controller computations will increase [3] . In contrast, in the robust PSS, a fixed controller for different operational points is designed [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] which makes it more convenient than adaptive PSS.
In the field of robust PSS, different methods based on the H ∞ control theory [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] and the Quantitative Feedback Theory (QFT) [4] can be used to design a robust stabilizer, however, the QFT based robust PSS is less used because of difficulties due to its trial and error nature [4] . On the other hand, H ∞ based methods mostly guarantee the system stability and dont ensure any other constraint on system response [9] [10] [11] [12] [13] [14] . Therefore, H ∞ method can be combined with other methods to improve performance of the PSS [5] [6] [7] [8] . Some of these desirable methods are combination of H ∞ and H 2 [5, 19] or combination of H ∞ and Pole-Placement methods [6] [7] . In these combined methods, the design problem can be converted to a LMI problem, whose solving determines the stabilizer parameters [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] .
One important issue in robust PSS design is the achievement of wide range of stability. However, this matter has not been considered in some previous studies [8, 10, 16, 17] . Moreover, unlike the methods presented in references [12, 18] , simplified model cannot be used for power system simulations. In order to achieve desirable power system response, closed loop poles should be placed in specific zone. Although in references [5, 19] combined H ∞ and H 2 methods are used, but this zonal constraint is not considered. Therefore, an important goal of this paper is to consider the above mentioned characteristics simultaneously.
On the other hand, for designing robust PSS, usually a robust strategy is used to determine lead transfer function parameters [5, 13] , or feedback gains [7] . If a lead transfer function is used as a controller, long settling time of power system response is achieved which is not desirable. In this regard in references [5, 13] , although the combined H ∞ and pole placement methods has been used to achieve wide range performance by solving LMI problem, but they use lead transfer function which has caused long transient response time.
Considering the above mentioned constraints, in this paper desig of a robust PSS based on the power system pole placement is proposed in which a feedback gain matrix is used as a controller. For this purpose, combined robust and pole placement problem is formulated as a LMI problem whose by solving, the controller parameters are determined. Also in this method, parameter uncertainty is concluded in matrix elements by considering huge number of operational points. In addition, this problem is solved such that wide range stability and short settling time is achieved simultaneously. Moreover, it can be seen that power system remains stable in emergency condition, i.e. in the operational points which is not considered in range of usual operating points. In order to show the advantages of the proposed method, some simulation results are provided for a power system case study in different operational points. It should be noted that for solving the obtained LMI problem, the MATLAB package is used and there are some numerical methods to solve the LMI problem by MATLAB [21] .
The remainder of this paper is organized as follows. In Section 2, the model of the power system with uncertainty is studied. The LMI problem and its usage in robust control design are reviewed in Section 3. In Section 4 by combining robust power system stabilizer with pole placement technique, an LMI problem is obtained. The results of applying the proposed approach to a power system is reported and analyzed in Section 5. Finally, some remarkable properties of the proposed method and concluding remarks are explained in the last section.
THE POWER SYSTEM MODEL WITH UNCERTAINTY
The power system is a nonlinear system; therefore to study the small signal stability, the equations around each operating point can be linearized. On the other hand, when a single generator is connected to the infinite bus, active power (P ), reactive power (Q ) and transmission line impedance between generator and infinite bus (X e ) determine power system operating point. The power system linearized model can be used to determine the system eigenvalues. Fig. 1 shows a single line schematic diagram of a single machine infinite bus system. The generator is fitted with an Automatic Voltage Regulator (AVR) and a static excitation system. Neglecting the stator transients and the effect of damper windings, the generator and exciter can be modeled as a 4th order system. This power system with regulator and exciter linearized model is named Hefferon Philips model which is shown in Fig.  2 . In this figure, values of the K 1 to K 6 , K A , T A and T ′ do should be determined. The values of K A , T A and T ′ do are the synchronous generator parameters, which are constant for each synchronous generator. On the other hand, changes in the operating point (active power (P ), reactive power (Q) and transmission line impedance between generator and infinite bus (X e )) changes K 1 to K 6 values. This model is a 4th order model, so it has 4 state variables. The state space equations of this model are shown in the following equation.
where
is the state vector, y is the output signal, ∆ω(t) is selected as the system output, and A is the state space 
The under study system specifications are provided in Appendix A. The operating condition for this system is completely defined by the values of the real power, P , the reactive power, Q , at the generator terminals and the transmission line impedance, X e . Values of P , Q and X e , are assumed to vary independently over the following ranges: 0.2 < X e < 0.7 , −0.2 < Q < 0.5 , 0.4 < P < 1 . Changes in the operational point (P , Q and X e ) leads to changes in the elements of the A matrix and it leads to changes in the linearized model eigenvalues. Fig. 3 shows the open loop poles for this family of plants with P , Q and X e , varied over the specified range by steps of 0.05 . This step distance makes a set of operational points with 1900 different members, which contains most of the operating conditions of the power system. Most of these operational points don't have adequate damping. So it is required to design a stabilizer which places the rotor mode eigenvalues inside the acceptable region as is shown in Fig. 4 .
LMI BASED ROBUST PSS DESIGN
In this section, after introducing some background materials, describing the overall H ∞ based state feedback design with pole placement in terms of LMI problem [22] which is used in the proposed method in Section 4 is presented.
Background Materials
This subsection discusses an LMI-based characterization for a wide class of pole clustering regions as well as an extended Lyapunov theorem for such regions. An interesting region for control purposes can be described by the set S(α, r, θ) of complex numbers x + jy such that
Locating the closed-loop poles of the system in this region ensures desired performance. Let D be a sub-region of the complex left-half plane. A dynamical systemẋ = Ax is called D -stable if all eigenvalues of the matrix A lie in D .When D is the entire left-half plane, this notion reduces to asymptotic stability, which is characterized in LMI terms by the Lyapunov theorem, ie A is stable if and only if there exists a symmetric matrix X satisfying
This Lyapunov characterization of stability has been extended to a variety of regions [22] . These regions are polynomial regions of the following form
0≤k,l≤m
where the coefficients c kl are real and satisfy c kl = c lk . For polynomial regions, matrix A is D -stable if and only if there exists a symmetric matrix X such that
To have the ability of synthesizing the problem in the LMI framework, it is necessary to use conditions that are affine in the state matrix A, such as the Lyapunov stability condition (7 
The pole location in a given LMI region can be characterized in terms of the following m × m block matrix
Theorem. The matrix A is D -stable if and only if there exists a symmetric matrix X such that
Now, consider the region S(r, α, θ) as defined in (8) with α = r = 0 . The eigenvalues of A lie in the sector S(0, 0, θ) if and only if there exists a positive definite matrix P such that
where W = sin θ cos θ − cos θ sin θ . On the other hand,
is an LMI region with characteristic function
A has its poles in S(0, 0, θ) if and only if there exists X > 0 such that
In comparison with relation (14) , this last condition gives additional information on the structure of P . It is also more suitable since the number of optimization variables is divided by four when replacing P by Diag(X, X).
H ∞ Based State-Feedback Design with Pole Placement
This subsection discusses state-feedback synthesis with H ∞ performance and pole assignment specifications. Here, the closed-loop poles are required to lie in some LMI region D contained in the left-half plane. Results are first derived in the nominal case and then extended to uncertain systems.
Consider a linear time-invariant (LTI) system described byẋ
and let T ω z∞ (s) denote the closed-loop transfer function from ω to z ∞ under state-feedback control u = kx. The constrained H ∞ problem is to find a state-feedback gain K that:
• places the closed-loop poles in some LMI stability region D with characteristic function (11);
• guarantees the H ∞ performance T ω z∞ ∞ < γ .
Meanwhile, the H ∞ constraint is equivalent to the existence of a solution X ∞ > 0 for the following LMI:
This result is known as the Bounded Real Lemma.
Our goal is to determine state feedback gains K that satisfies the H ∞ and pole constraints. From the previous discussion, this is equivalent to satisfy (19) , (20) . While this problem is not jointly convex in the variables (X D , X ∞ , Y, K), convexity can be enforced by finding a common solution
Consequently LMI constraints can be summarized as the following inequalities
In this stage, LMI optimization software such as the MATLAB LMI Control Toolbox can be used to solve the problem.
THE PROPOSED WIDE RANGE ROBUST PSS BY USING LMI

Design Objectives
The Power system eigenvalues which show the relative stability of the system are determined by its linearized model. These eigenvalues have not enough damping to stabilize power system response. It should be noted that in power systems, a damping factor, ζ , of at least 10 % and a real part, σ , not greater than −0.5 for the troublesome low frequency electromechanical mode, guarantees that the excited low frequency oscillations will damp down in a reasonably short time. Such restriction on all the system eigenvalues would imply that all the poles of the system lie in the left of the imaginary axis in a D shape contour. This D shape contour is shown in Fig. 4 . If a power system has above specifications, low frequency oscillations will damp after a short time. However, a real power system has not such a good structure and all of its poles have not enough damping and might be unstable. To stabilize the power system response, feedback controllers are used. The feedback gains should be determined such that the closed loop eigenvalues shift to the D shape region. These feedback gains should also be small enough to prevent controllers saturation.
On the other hand, in this paper our goal is finding the feedback gains such that it guarantees stable power system response in spite of changes in operational point. A robust controller and a well damped response is obtained in a wide range of operating points, if proposed method guarantees acceptable small signal transient in all operational points.
For this purpose, the robust controller design problem is converted to a LMI problem. Thus, solving the LMI problem leads to robust power system stabilizer. To accomplish this, at first, system uncertainties should be studied in the state space equations.
Representing the uncertainty in the power system model
Dynamical behavior of a system can be described by state space equations. These state space equations consist of power system parameters which are not constant. Therefore, the system should be determined by an uncertain state space model.
The state space equations of the uncertain system can be considered as follows
where the matrices A, B , C , D , E depend on uncertain parameters which vary in some bounded sets. The matrix elements boundaries can be determined in n operating points. Therefore changes in the operating point leads to changes in the state space equations.
In the resultant, considering the uncertain elements of each uncertain matrix, the matrices A and B can be considered as the following form
(27) Such polytopic models may be resulted from convex interpolation of a set of models (A, B) identified in different operating points. They also arise in connection with affine parameter dependent models aṡ
where p is a vector of real uncertain parameters and A(p), B(p) are affine matrix-valued functions of p.
The uncertain matrix A of the under study power system based on the presented model in Section 2 is as follows 
The system matrix A(k) is affinely dependent on k , ie A(k) can be rewritten in the following form . . .
Since A(k) is affine in k , it maps this parameter box to a polytope of matrices with 32 vertices defined at each parameter box corner.
Design Procedure
By considering above uncertainty description, feedback gains should be determined such that the power system eigenvalues places in the desirable D region. It should be noted that an unnecessarily large shift of the system poles into the left half plane should be avoided, since this may lead to large feedback gains. Therefore, imposition of constraints enforces the closed loop poles to a D shape region specified with θ < 45
• and −50 ≤ σ ≤ −0.5 . In the other word, the open loop poles of the whole family of plants should be shifted to this region.
In Section 3 the issue of converting the state feedback design to an LMI problem was discussed. These results can be extended for uncertain systems [22] . For brevity, in the following only converting the pole placement problem by considering the uncertainty description of Subsection 4.2 is discussed. Thus, solving the resultant LMI problem leads to design of feedback gains, which is robust against changes in the P, Q and X e . Consequently, the power system eigenvalues are forced into the D shape region in the left half plane.
Consider the problem of computing a state feedback gain K that forces the closed-loop eigenvalues into some LMI region D for all admissible values of A and B . The equation (25) is called quadratically D -stabilizable if there exists a gain K and a single Lyapunov matrix X > 0 such that M D (A + BK, X) < 0 for all admissible values of A and B . In the continue, it is shown that this condition is also necessary, and the results are extended to arbitrary LMI regions.
Let D be any LMI region, suppose that (25) is quadratically D -stabilizable with Lyapunov matrix X and state-feedback gain K , and let L := KX . By considering the condition M D (A+BK, X) < 0 at each vertex (A i , B i ) of (27), the following necessary conditions on X , L are achieved
Conversely, it can be seen that any solution (L, X) of this LMI system satisfies M D (A + BK, X) < 0 when forming the weighted sum of the LMIs (32) with nonnegative coefficients p 1 , . . . , p N . Hence, the relations (32) and (33) are necessary and sufficient for quadratic D -stabilizability. Note that LMI conditions for quadratic H ∞ performance over (27) are obtained similarly by writing (22) , (23) at each vertex of the polytopic plant. Now, it is proposed to apply a full state feedback controller using the described LMI based approach for achieving the robust D-stability requirement. Each state is measured, multiplied by the appropriate gain and then summed up before being fed at the reference input of the Automatic Voltage Regulator. In a practical implementation, additional hardware would be required for state measurements. For the 4th order model used here, the states are the deviations in the load angle δ , rotor speed ω , field voltage E f d and the internal voltage E ′ q . The values of δ , ω and E f d can be directly measured using appropriate transducers. The internal voltage E ′ q can be computed from the instantaneous values of the stator currents and the equivalent circuit parameters. A polytopic system is obtained for this set by choosing the A and B matrices corresponding to the external values of P , Q and X e as stated in Subsection 4.2. All possible combinations of the minimum and maximum values of each of these 3 parameters are taken to generate a set of 8 vertex systems corresponding to the 8 corners of a cube in the space with P , Q and X e coordinates. Since the point with minimum Q and maximum P and X e , did not have a steady state load flow solution, it was replaced by a nearby feasible point as P = 1.0 , Q = −0.2 , X = 0.45 .
SIMULATION RESULTS
Under study system
In order to investigate the performance of the proposed method, it is used to stabilize low frequency oscillations of a generator connected to the infinite bus which is shown in Fig. 1 . The Power system linearized model, Hefferon-Philips model, is shown in Fig. 2 . The parameters of the under study synchronous generator connected to infinite bus are provided in Appendix A. To examine the robustness of the proposed method, this system is studied in three different operating conditions. These operating points are specified as follow:
First operating point. Q = 0.55 , P = 0.8 , X e = 0.4 ,
Second operating point. pf = 0.82 , P = 1.2 , X e = 0.6 ,
Third operating point. Q = 0.5 , P = 1 , X e = 0.7 ,
By considering Q = 0.55 pu in (34) and P = 1.2 pu in (35), it is seen that the first and second operating points are even out of the predefined operating ranges 0.2 < X e < 0.7 , −0.2 < Q < 0.5 , 0.4 < P < 1 .
Also, by considering (36), it is concluded that the third operating point is at the corner of the conventional operating conditions. The performance of the proposed method in three different operating points is compared with conventional PSS to illustrate the proposed method robustness and desirable dynamic performance. For this purpose, open loop responses of the power system (∆ω(t)) for these operating points are shown in Figs. 5 and 6.
Designing robust stabilizer with pole placement by Solving LMI Problem
By applying the proposed method in Section 4, the feedback matrix gain is achieved for the under study power system k = −0.5899466391 292.6014667524 −9.37859374 −0.0407642254 . (37) Figure 7 shows the closed loop poles of the set of plants with the stipulated variations in P , Q and X e . As seen, the eigenvalues has been shifted into the desired region of the complex plane for the entire set of plants. Also Fig. 8 shows closed loop eigenvalues if feedback gains determination problem is solved for oval shaped LMI.
Designing Conventional PSS
Power system stabilizers can extend power transfer stability limits which are characterized by lightly damped or spontaneously growing oscillations in the 0.2 to 2.5 Hz frequency range. This is accomplished via excitation control, providing damping to the systems oscillation modes. Consequently, the important issue is the stabilizers ability to enhance damping under the least stable conditions, ie the performance conditions. Conventional PSS is a controller which stabilize a power system and has a lead-lag transfer function and damp response of the low frequency oscillations (∆ω ). A high pass filter is used before lead-lag controller to prevention harmful effects of the dc signal or very low frequency changes. Finally PSS transfer function obtained like H P SS (s) = KC s 1+Tw s
T1+s
T2+s form. In this stabilizer T 1 and K C are the controller parameters. In this study, we design the conventional PSS for the second operating point.
Comparison between proposed stabilizer and conventional PSS
In order to compare the performance of the proposed stabilizer and conventional PSS, the system response ∆ω(t) in the case of applying these stabilizers for three different operating points are provided in Figs. 9 to 11. As shown in these figures, proposed stabilizers response has less overshoot and settling time with respect to conven- Fig. 9 . The response of ∆ω(t) with respect to time in the first operating point by using proposed robust stabilizer compared with conventional PSS Fig. 10 . The response of ∆ω(t) with respect to time in the second operating point by using proposed robust stabilizer and conventional PSS Fig. 11 . The response of ∆ω(t) with respect to time in the third operating point by using proposed robust stabilizer and conventional PSS tional PSS. In other word, the performance of the power system is much desirable in the case of using the proposed stabilizer for all operating condition. It should be noted that the first and second operating points are even out of range for which the proposed robust stabilizer has been designed. Also, third operating point is also a boundary operating point at the corner of the operating point range. In order to compare the performance of both stabilizers quantitatively, the overshoot and settling time of the responses in all operating points have been provided in Tabs. 1 and 2 for the proposed and conventional PSS respectively. By comparing them, it is concluded that proposed stabilizer has less overshoot and settling time compare with conventional stabilizer. Furthermore, it is illustrated that proposed stabilizer, stabilize power system oscillations not only for the proposed operating point range, but also for other operating point out of the range of design problem.
CONCLUSION
In this paper, a new method for robust PSS design is presented. For this purpose, designing robust stabilizer problem by specified eigenvalues region is converted to a LMI problem; therefore solving LMI problem leads to finding robust state feedback, which is computed based on the region placement of the system poles. Consequently, this stabilizer shifts the power system poles in different operational points into the desired regions in s-plane, such that the response of the power system will have proper damping ratio in all the operational points. It provides the desired closed loop performance over the prespecified range of operating conditions. This stabilizer decreases overshoot and settling time of the power system response. Finally, to illustrate proposed stabilizer advantages, proposed stabilizer is compared with conventional PSS. Consequently, designing a new robust power system stabilizer based on pole placement technique is converted to a LMI problem, solving this LMI problem leads to determining feedback gains robust which makes power system robust with enough damping against changes in operational points.
Appendix A -The model parameters of the case study The parameters of the model and the synchronous generator, which is used in this study, are given as follow. All values are in per unit (pu) except the H and T that are in second: H = 5 sec, T ′ do = 6 sec, X c = 1.6 pu, X q = 1.55 pu, X ′ d = 0.32 pu Also, the system excitation parameters are K A = 400, K F = 0.025, T A = 0.05 sec, T F = 1 sec. Moreover, the parameters, which are used in the controller design, are P 1-self-tuning = −1.07 , P 2-self-tuning = 0.6376 , ω conventional-PSS = 7.6 , ζ conventional-PSS = 0.2 , T 2-conventional-PSS = 0.2 , K conventional-PSS = 5.622 .
